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`(u(t), y(t))dt + φ(y(T ))
< Ed?
w!² yK²
ẏ(t) = f(u(t), y(t))
j² la²
t ∈ [0, T ] ; y(0) = y0
<R4?
g(y(t)) ≤ 0 ∀t ∈ [0, T ]. <Ç?
ghlqjy{a°±yhlqj{a¥§lKk aloyhjlCxwzy{©j}xy{lK!Nw®y
` : R×Rn → R ¯Myhlo´|Z¥W$Nw®y φ : Rn → R ¯y{hjlxuv|akB!w

































< ∞ °×N p < ∞; ‖u‖∞ := supess |u(t)| < ∞,
a|








¯¦ªy{h yhlº|jNk ‖x‖∞ =
sup |x(t)| ²ql!|jaylvu U := L∞(0, T ; R) <×{lKw±² Y := W 1,∞(0, T ; Rn) ?yhjl9!a|My{a¥D<ÇlPw®3²w®y{yld?wN$la² );:55 X%¬©wa|ºlK¥§lKkBlK|My
(u, y) ∈ U × Y w{0yw®°×uM©|j+yhjlw®y{yllKM}y©a|;<¹?=² ` §­Nl!| u ∈ U ¯jl!|jaylµvu
yu ∈ Y




































J(ũ) ≥ J(u) + α ‖ũ − u‖22
°×a9a¥§¥




















¯vwxl!|jaylPvu M[0, T ] a|µxl!|My{ª´lP¦ªy{h°×}j|Z=y©a|Zw°,'a}|xlK+­0{©y©a|µ­0a|j©whj©|jy2¼Kl!{²ºghjl$N|jlµ°9|a|j|jlKNy©­alµklKNw®}lPw©wBxlK|jy{lK¶vu M+[0, T ] a|¶w4lPM}¥çy K− ¯y{hjl'a¥B$N|jlµ°
K





n ?{ljl!|jaylKevu  wzy% ∗ ² ~P%hjl$yjl!{§­00y{§­NlKw2°
f
¯Il$y%² ¦² P² yP²e{a}kBlK|My{w
u ∈ R ¯ y ∈ Rn ¯Üal·xl!|ylP vu6¨w®}w!©xyP¯Y°×a©|w®y{a|$l
fu(u, y) = Duf(u, y)
¯





 M!#  +«|Z	/544T°×}|=y{§N|w9a°,j{aj¥©l!k
(P) ¯lPw®'lK$y©­al!¥©u
H : R × Rn × Rn∗ → R |Z L : U ×M[0, T ] → R MuQ
H(u, y, p) := `(u, y) + pf(u, y) ; L(u, η) := J(u) + 〈η, G(u)〉 . <Ç?
ql!|yl+vu
BV (0, T )
y{hjl+wN$la°°×}j|$y©a|w2°9'a}j|ZxlK ­Éa0y{§N|±² ` ©­alK|





BV (0, T ; Rn∗)
° Q
− dpu,η = (`y(u, yu) + pu,ηfy(u, yu))dt + gy(yu)dη ; pu,η(T ) = φy(yu(T )).
<¹?
` ©­alK|
v ∈ U ¯j¥©l$yy{hjl¥©§|jlP{§¼KlK+wzy%0yl zu,v ∈ Y 'lw®N¥§}jy©a|° Q
żu,v = fy(u, yu)zu,v + fu(u, yu)v ; zu,v(0) = 0.
<Ç?
ghlkajj©|j U → Y ¯ v 7→ zu,v ©wy{hjlj{~K%hjl!y9xl!{§­0y©­alC°,yhjlkj§| u 7→ yu 0y9'a©|My u ²ghjl2|jl>vy¥§lKkBka©­alKwyhjl2l>xj{lKw{w®©a|w9°çxlK©­00y©­alPw° ,N{a|ja|±¯x¦§yh«lPw®'lK$y9yyhjl
!a|My{a¥¹²4aw®©kj¥©©!ªyzu¬a°Ü|jay{0y{§N|±¯E¦lB¦{§ylB§|«yhjlwlKM}jlK¥
D2H(u,y)2(u, y, p)(v, z)
2 ©|wzy{lKNa°
D2(u,y),(u,y)H(u, y, p)((v, z), (v, z))
²

Ü¾  6¢ 5
η ∈ M+[0, T ]
+
u 7→ L(u, η) S* ,5#6*









D2uuL(u, η)(v, v) =
∫ T
0
D2H(u,y)2(u, yu, pu,η)(v, zu,v)
2dt
+ zu,v(T )




























żu,vv = fy(u, yu)zu,vv + D
2f(u,y)2(u, yu)(v, zu,v)




DuL(u, η)v = −
∫ T
0


















(dpu,ηzu,vv + pu,η żu,vvdt) + φy(yu(T ))zu,vv(T ).
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x ∈ K = C−(0, T )
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x ∈ K <ÚyhlKwlw®l!y{w'l!©|jl!kxyzu+ª° x /∈ K ?=¯xvuQ
TK(x) = {h ∈ C[0, T ] ; h(t) ≤ 0
a|
I(x)},




η ∈ M[0, T ] ¯xR² la²çyhjl!akj¥©l!kl!|My9©| [0, T ] °y{hjl¥{alPwzyNZlK|6w®l!y
W ⊂ [0, T ] y{h0y2w{0y{©w®´lPw5Q ∫ T0 x(t)dη(t) = 0
¯,°×a4a¥§¥I°×}j|=y{§N|w
x ∈ C[0, T ]­0a|j©whj©|ja|







u ∈ U ²o³«lBwÉuyhy η ∈ M+[0, T ] wo /54 M O# ) 	# 5µaw{wv!©ylP+¦§yh u §°Yyhjl°×N¥§¥©0¦©|j4´Z{w®y9a%xl!|jlP$lPww{{uaxy{§k¥©§yzu+$N|x§y©a|hja¥jwVQ
DuL(u, η) = DJ(u) + DG(u)
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a|Zwzy{{a§|MyN}Z¥©ª´ZK0y{§N|<Rw®lKlMCÌZ ¯adG ?Ü°×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Nj¥§lKk < Z ?©wNw°×a¥©¥§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ghjl¬|l>vyyhjlKa{l!k w¦ÜlK¥§¥§¸ @M|0¦|e<Çwl!l·lN² Z²eC ZG»¯ 3l!kk j² gN«a| ghjl!NlKkDj² g?$² moyl
y{h0y°×a
v ∈ U ¯3¦ÜlBhÉ­al DG(u)v = gy(yu)zu,v ¯E¹² lN²§¯ (DG(u)v)(t) = gy(yu(t))zu,v(t) ¯W°×a¥©¥
t ∈ [0, T ] ²
  ¾vÂ ¡ ¾   <ÇS?"   45 5Xd)h ,  "S*
 5M
	S*X*
v ∈ U ; gy(yu(t))zu,v(t) < 0  ,#!# t ∈ I(g(yu)). <EP4?
<Ç§!? 5
u
3 .#6d#/*5# O)] ,    *S* ,%!     + I! u S*U**5V5 K.\ b	)% 3
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  O# 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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!)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#H'lxl$´Z|jlKvuQ






I2(x, h) = {t ∈ I(x) ; h(t) = 0}. <EÉ?
P»°N< EP?hjN¥©w!¯xy{hjl!|
DJ(u)v ≥ 0 °×No¥©¥ v w}%hyhy DG(u)v ∈ TK(G(u)) a| DJ(u)v = 0 $9
η ⊥ DG(u)v ²osv©|$l η ≥ 0 hZaw9w}jj'ayo©| I(G(u)) ¯E|Z DG(u)v ≤ 0 N| I(G(u)) ¯W¦laxy%©|y{hjlC°×a¥©¥©0¦§|jK<Ç!¥©Nww!¥!?wzy%0y{l!kl!|MyVQ

Ü¾  6¢   /
(u, η)
*5)S* ,%.+ -*X2
45[X**5X%!)     5
C(u) = {v ∈ U ; DG(u)v ∈ TK(G(u)); supp(η) ⊂ I2(G(u), DG(u)v)}.
<EK?
ghjlM!+2|O M*5
[  5+ *55*=¯x{lKwZlP=y©­alK¥§u





T 2,iK (x, h) := {w ∈ C[0, T ]; dist(x + εh + 12ε2w, K) = o(ε2), ε ≥ 0},
T 2K(x, h) := {w ∈ C[0, T ]; ∃εn ↓ 0, dist(x + εnh + 12ε2nw, K) = o(ε2n)}.
³¨lo{lKK¥©¥y{hjlq%hZ%a=y{l!{§¼P0y{§N|Ba°Eyhjl©|j|jl!wlK$N|v¸»a%xl!Iy{|al!|MyÜwl$y
T 2,iK (x, h)
x}loy{A¦0¸
w{@vICFEPv¯REVZG=<Rw®lKl¥w® CÌUG!?QYª°
x ∈ K | h ∈ TK(x) ¯yhjlK|
T 2,iK (x, h) = {w ∈ C[0, T ] ; w(t) ≤ ςx,h(t)
N|




































²svl$y T (x, h) := ∂I(x) ∩ I2(x, h). ³¨lhÉ­al ςx,h(τ) ≤ 0 °×a τ ∈ T (x, h) |·§yow9|jayj !µ$}¥ªy2y«%hlK@«yhy
t 7→ ςx,h(t)
w4¥©0¦l!4wl!k§¸»!a|My©|v}ja}wK²«Üa|Zw®lPN}l!|My¥©ua¯


















ς(t)dη(t); ς ≤ ςx,h
}
∈ R ∪ {+∞}.
ghl!|DQ












supp(η) ⊂ I2(x, h) ¯jy{hjl!|
σ(η, T 2,iK (x, h)) ≤ 0.
<¹a4?
wlK!a|v¸»a%xlKÜ|jlP$lPww{{uµ$N|x§y©a|·x}jlCy.AÉ¦aw{@v/C6EPUG3w5Q
  ¾vÂ ¡ ¾    /
u
3
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)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);,   *5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D2uuL(u, η)(v, v) − σ(η, T 2,iK (G(u), DG(u)v))
}
≥ 0. <¹?
+¾ 6¢x¡  ghjl'0­alCwlK$N|v¸»a%xl!|jlP$lPww{{uµ$N|x§y©a|·¦Nw§kj{0­alPvuÜNk§|jl!y®y{3©|





D2uuL(u, η)(v, v) − σ(η,Su,v)
}
≥ 0. <¹Z?
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(u, y) 7→ g(1)u (u, y)
w
xlK|Ny{©K¥©¥§u¼!l!{?$²Y³«lkÉujl$´|jlw©kB©¥{¥§u










j = 1, . . . , q − 1 ¯j|¦lhZÉ­al g(j)(u, y) = g(j−1)y (y)f(u, y) ¯j°×a j = 1, . . . , q ²3l$y






















[η(τ)] = η(τ+) − η(τ−) ¦hjl!{l η(τ±) = limt→τ± η(t) y{hjlz}jkj©w{$N|Ny{§|v}j§yzuµa°
η
yy©kBl
τ ∈ [0, T ] ²,³¨lk@Nlqy{hjlC°×a¥©¥©0¦§|jaw{w}jkxy©a|wVQ




∃ γ > 0, Huu(û, yu(t), pu,η(t±)) ≥ γ ∀û ∈ R, ∀t ∈ [0, T ].
<¹a4?
  <»Üa|w®y%©|My4{l!a}¥©a§yzu ?Cghjljy{¬a°yhjl+jNj¥©l!k {l
C2q
¯YR² la²
k ≥ 2q ©| <q?=¯y{hjlwzy%0y{l$a|Zwzy{{a§|My©wa°N{xlK
q
a|µy{hjl$N|x§y©a|·'l!¥©0¦chjN¥©jwVQ




hNw	(0!  *55M, : O)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)! "X*=¯Üyhyµ¦§¥©¥9'lTxl!|jaylP vu
T =: Ten∪Tex∪Tto
¯N¦ªy{h Ten ¯ Tex | Tto yhlS* :5!0W<Ça|BZMww§¥§u2l!kxyzu ?w®}w®l!y{wYa°lPw®'lK$y©­alK¥§uµ{l!N}j¥l!|xy{uN¯xl>x§yo|yN}%h+'a©|My{wK¯|Z¦lw®}jZMw®ly{h0y
g(yu(T )) < 0
²
+¾ 6¢x¡    o|Nww}jkxy{§N|2¦lK4@al!,yhZ|K<q?=¯ayhyI©wlK|ja}jNh4°×Nyhjl9w}"!µ$©l!|Myç$N|x§y©a|w
©|¬w®lP=y{§N| Z|Zj¯j©w
     *)54+  5X& #6d3X*5 _!)
∃ γ > 0, Huu(u(t), yu(t), pu,η(t)) ≥ γ
² lN²
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5
u ∈ U *5S* ,%!    I! /54 O# ) 	# 5 η U** O +




[0, T ]  ! 	+X)O#6 (: O5) *=	+!+* τ ∈ T . Cq
[0, T ] \ T   O#  	# 5 η S* 0! + *X# % B5+)435#6  [0, T ] \ T 
<Ç§!? ,
τ ∈ Ten ∪ Tex
S*M   O#FM5+)X% M 	4!/	+!0  + .<R? , q S*Bxj  η   q − 1(*Xb)! " X)U* ,
u
















q = 1   5 η  u̇ # *5'0! + * τ  +NS*   , q = 1   5 (u, yu)4dX*c   X**55+)#D + 	+!0  
+¾ 6¢x¡    no|xl!qyhl4aw{w®}kBjy©a|wa°YIN±²ox²FE¯Z¦ÜlhZÉ­alCyhl°×a¥©¥©0¦§|jµjlK$NkZMw®§y©a|DQ






































u ≡ 0  , j = 1, . . . , q−1  +      /#!#















 !  ,M!a4!)      S**S*2
   5 DG(u) S*"hS*5 ")	 OS*X 35 -5 L∞(0, T )  c*)	  W 4 (35%
W := {ϕ ∈ W q,∞(0, T ) ; ϕ(j)(0) = 0 ; j = 0, . . . , q − 1}. <Ra?
1 V,  <ÇS? :u_<R?$¯j¦ÜlChÉ­Nl4Q
d
dt
gy(yu)zu,v = gyy(yu)f(u, yu)zu,v + gy(yu)fy(u, yu)zu,v + gy(yu)fu(u, yu)v
= g
(1)





















ϕ ∈ W ¯'y{hjl!{l4l5>vw®y{w+}j|jM}jl
v ∈ U w}%hºyhy gy(yu)zu,v = ϕ ²4ghjl!a|!¥§}w©a|¬°×N¥§¥©0¦9wq°×Nk yhjla'l!|«kjj©|jy{hjl!NlKk·²
  ¡ ÂçÂ     ÇÂ    i** O "=+     +#6*   #F u ∈ U *S* ,%      +     b3!+*5 * *X
!+   +#  =     #FU*   ! [ , Λ(u) 6= ∅  + /54 b O#  	# 5 η U**5V5  I!
u
S* O+  + 
1 V, WP»ywav­v§N}wÜMu±l!kkx²  <×©S?a|±l!kkx²FE4<×!?Üyhyc< E5Z?hja¥jw$9a< cEU?xvlKwK²gh©w
0­NlKwi<×!?=² ow{w®}jklCy{h0y
η1, η2 ∈ Λ(u)
a|·w®l!y






















ε ϕ(t)dµ(t) = 0
²(T9lK|$l
dµ ≡ 0 ¯x¦hj©%h¬N%hj§lK­alPwçy{hjlj{v°,a°2<Ç§!?=²
 
F  Ü-,-3& (*4+%,$4+-
  ' !&1)
	 )78  7 % 	%	 )	 ! ! '*% 	 798  1;#15780!
3l$y
u ∈ U w{0y{©w®°×u4aw{w}jkBjy©a|w <4? ¸< WZ?a| η ∈ Λ(u) ²³«lk4@alÜyhjl°×a¥©¥©0¦§|jCaw{w}jkxy©a|wK²3l$y
q̂ := 2q − 1 ª° q w d4|Z q̂ := 2q − 2 ª° q w U5²
 + <Rm9N|·g|al!|My{©a¥§§yzu+Üa|jªy{§N|0?













    ja9a¥§¥-**50#vya}Z%h+'a©|My







int I(G(u)) ⊂ supp(η).









q = 1, 2
²
?q|j¥©uTyhlaw{w®}kBjy©a| <q  ?CZlK¥§0¦¯,¦ÜlP@Nl!CyhZ| <q?=¯w}wlK¨©|¶|jlK!lKw{wauº!a|jªy{§N|¨a°
ghl!a{l!k j²FE¯a©|a%xl!y{l!|w}j{lyhyIyhjl9wlK!a|x¸¹N{xlKy{|al!|MyIwl$y
T 2,iK (G(u), DG(u)v)
wY|jay
lKkxyzua¯x°×N9¥©¥















(τen, τen + ε) ⊂ supp(η) ; (τex − ε, τex) ⊂ supp(η).
<Ra?
moy{lqy{h0y9¦lx|jayNww}jklwzy{=y9!akj¥©l!kl!|My{a§yzuyy{a}%h'a©|Ny%w!²
  ¾vÂ ¡ ¾  <  i*
* O "c      +#6*  5 u ∈ U 3 h
	! "#H*5# O\,    I!Y!*/54" O#  	# 5
η  *5S* ,%!    U    K       / T essto  "   -+!   *5B,**50# + 	+!+* ,c+c);:55 X%
(u, yu)

ντ = [η(τ)] > 0  , τ ∈ T essto  +  ,#!#
v ∈ C(u) 











2Â ¡ Â $$Ç¢x¡ ¿   45' _** O b	)+*_ ,       ,K+Y);:55 X% (u, yu) +U*Y**50#N + Y	+!0  !]	+X) O#6   ,  K*X  Y+*)!+cS*Y , ´Z{w®ya%xl! q = 1   +






v ∈ C(u) ¯Wvu\< EP4?=¯W¦l4hÉ­Nl





τ ∈ Tto \ T essto
?vuQ
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v ∈ C0(u)
  [ MU** O W	 *  , +
5     - +  



















∂I(G(u)) = T ²·svl!y ςu,v := ςg(yu),gy(yu)zu,v = ςG(u),DG(u)v
| ¥©l$y














q − 2 §° q wlK­alK|±¯j|









































ÜNk4j©|j©|j ±l!kk¬x²Ì|^<q  ?=¯3¦lµwl!lByhyC°×a¥©¥
v ∈ C(u) ¯,yhjlB°×}j|Z=y©a| <Ç°y©kBlU?
gy(yu)zu,v
­0|©whjlKwYz}wzyC0°Úy{l!olK|Myl!{©|ja9'l$°×Nl¥©lKÉ­v©|jµ'a}j|Zj{u+a{CN|·w®k¥©¥3©|MylK­0¥














































w| lKw{wl!|My¥yN}%h ZN§|Myw{0yw®°×uM©|j <ÇM4?=¯|Z hjlK|$lN¯çy{h0y
q ≥ 2 ²çsv©|$l g(yu) hZaw9Bw®N¥©ylK¥©x!¥Ek>v©k4}kF0y τ ¯ g(yu) a| g(1)(yu) ­Éa|jw®h·0y τ ¦hj©¥§l
d
dtg























q ≥ 2) ¦ªy{h a¥§kMwzyBl!­alKuv¦hjlKl+º'a}j|ZxlKew®lP$a|Z6xl!{©­Éy©­alN¯Y¦Ülal!yBvu <Ra?$¯Yy{4@M©|j«yhjl|a|j|jlKNy©­alyVQ
(gy(yu(t))zu,v(t))+ = (g
(1)







t → τ ²ghl!{l$°×a{la¯ay{4@M©|j4yhjl
lim inf
¦hjlK|
t → τ $NkBlPwYy{4y%@al9yhjl min °3'y{hµ¥§©kªy%w¦hjl!| t → τ+a|





































































ντ ςu,v(τ) = 0
²
P»yo{l!ka§|wN|j¥©u©|]<ZM?$¯¦hjlK|
q ≥ 2 ¯jyhjl!a|My{§}xy©a|·°´|j§ylK¥§u+k|vuµy{a}%h·'a©|Ny%w τ §|




1 V,  , +


























ρ : R → R'l2°×}j|=y{§N|+a°!¥©Nww
C∞
hÉ­v§|jw}jj'ayN|











vε ∈ L∞(0, T )
w}%hyhy




τ) ∈ W q,∞(0, T ) ²Ighjl!|·¦lhZÉ­al gy(yu)zu,vε = gy(yu)zu,v0
a}jy{w©xl



















ε ↓ 0 ²Ighjl$N|$¥©}w§N|°×N¥§¥©0¦9w!²
<   # 	 8 	  




v ∈ L2(0, T ) ¯v©w¦l!¥©¥ª¸ xl!´|jlK+|'l!¥©a|Nwoy
H1(0, T ) ⊂ C[0, T ] ²CghM}Zwq¦lBkÉu·l5>My{l!|«$N|Ny{§|v}jN}w¥§u DJ(u) a| DG(u) 0­alK
L2(0, T )
<×¦lN@alKl!Byhl9wakBl|jay{y©a|w°×Nyhjl9l5>vyl!|Zw®©a|w?=²sv©|$l
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  .*X  5 "0*" ,  5    h&I#!#FX%    *X!#!#  #F' 	#6! ]U*X* O b	)      35%    . C(u) 35% CL2(u) 
ÜNN¥§¥{uB² 4wÜNxy{a§|lKNw2!a|wlKM}jlK|$l°,gh3²Ij²FE¯j$N|Ny{§|v}j§yzu°3yhjlC¥©l$°Úy®¸»ha|+wxlqa°
<RZ?9¦² P² yK²
v ∈ L2 ¯E|Tjl!|wªyzu° C(u) §|My{ CL2(u) < ±lKkk+j²Ì?$²g,µj{0­aly{hjl4¥0yylKK¯'¦Ül´Z{w®y|jl!lPBNl!|jlK{a¥'{lKw}j¥§yK²

Ü¾  6¢ 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 5




* + h 
x
(j)
n (a) = x̂(j)(a)  x(j)n (b) = x̂(j)(b) ,K#!#
j = 0, . . . , q − 1  n ∈ N  ‖xn − x̂‖q,2 → 0 
1 V, qsxl$y
x̂a := (x̂(a), . . . , x̂
(q−1)(a))∗
¯
x̂b := (x̂(b), . . . , x̂
(q−1)(b))∗ ∈ Rq | û := x̂(q) ∈
L2(a, b)
²YjN
u ∈ L2(a, b) ¯j¥§l!y xu ∈ Hq(a, b) 'lCyhlw®N¥§}xy{§N|+a° Q
x(q)u (t) = u(t)
j² la²a|
[a, b] ; (xu(a), . . . , x
(q−1)





n ∈ N ¯!a|wxl!yhlC°×a¥©¥§0¦©|jj{aj¥©l!kKQ
(Pn) min 12‖u − û‖22 ; Au = x̂b ; u ∈ Un,
<ZM4?





















q ²P |xl!lPE¯I$N|w©xlK2lN² Z²T°×N δ ∈ Rq yhl<Ç}j|jN}ld?4ZN¥§uv|jNkB¥°×}|=y{§N|
xδ
a|¬a°jl!a{l!l








x̂b − x̂a + δ
aw{©ahMy®¸»h|Z+w©jla¯jhjlK|$lN¯xy{4@v§|jBy{hjlw®}0­Nl!


























N}xyyhjlv°z¯ 〈·, ·〉 jl!|jaylKwy{hjlw{!¥j{xx}$y0­Nl! L2 ?XQ





n → +∞ ¯±y{hjl$Nw®y°×}|=y{§N|2wxlK!lPaw§|jZ¯Éyhv}w ‖un−û‖2 w,'a}|xlK±² Tol!|!lçy{hjlw®lPM}jl!|!l (un) !a|v­alKNlKw±¦lK4@v¥§uy{w®NkBl
ū ∈ L2 ²Y³«lkÉuµ{l!¦{§yl < Zv4?awVQ






























‖un − û‖22 ≤ 〈un − û, vn − û〉 + λn(Avn − x̂b) −→ 0,w©|$l










Avn → Aû = x̂b




Ü¾  6¢ 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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u ∈ U  η ∈ Λ(u) * + _+              '*5S*=$  5
CL2(u)




















xn ∈ W q,∞(0, T )
w®}Z%hTyhZ0y








j = 0, . . . , q − 1 |Z k = 0, . . . , N + 1 ¯a| xn → x ©| Hq ²:u < o?=¯Y¦lkÉu¨jl$´|jl
































¦hl!| ‖x‖Z ww®k¥©¥'l!|jN}jah±²³¨lqw{ÉuByhy r(x) = oZ(‖x‖kX)
§°
r(v)/‖x‖kX
NvlKwÜyB¼!lKB¦hjl!| ‖x‖Z NvlKwÜy¼!lKZ²/P |+yhlw®lPN}l!¥¹¯ ‖ · ‖p <×{lKw±² ‖ · ‖r,p ?xlK|jy{lKwy{hjl|jNka°çy{hjlµw®Za$l
Lp(0, T )
<×{lKw±²y{hjlsva'a¥©l!­«w®N$l
W r,p(0, T )
?=¯3°×a
1 ≤ p ≤ ∞ a|


















a|· T9©¥§'l!y9w®Za$lCw  -,X < P 9Wl|
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u ∈ U *5)S* ,%  	I! V. O# ) 	# 5 η _*
* O ".      +#6*   ,i =,#!#6I! *5
i*  5+N! S*i*5)S*=









S* "#6d#R*5# O ,    *S* ,%!    +4
) 4I_
!   &( U5*5#$%   ,          #F   , (u, yu) +U*  **5+)#/ +  	+!+  !	 XO#6  ,b+b*  i *X)!0/S*i ,+´%wzyIN{xlK
q = 1
  +  b*5
45W*  5+(!)   S*i*5)S*=69    +4
)B4IY!)  "S*i*5)S*2 
ghjlv°°ghjl!NlKk Z²FEC¦§¥©¥±'la©­al!|0°Úy{l!owlKM}jl!|Z$lC°w®hjN®y¥©l!kkawK²

Ü¾  6¢   /
(u, η) ∈ U ×M+[0, T ]

v ∈ U +-,#!#6I!   #6U*  ,#!# σ ∈ [0, 1] 
‖yu+σv − yu‖∞ = O∞(‖v‖1)
<¹?










































|żuσ,v(t) − żu,v(t)| ≤ ‖fy‖∞|zuσ,v − zu,v|





¯¦ÜlhÉ­alvu <Ra4? |Df(uσ, yuσ ) − Df(u, yu)| ≤ C(‖v‖1 + |v|)
²
ÜNk4j©|j©|jB¦ªy{h]<¹a?a|µy{hjlC§|lKM}¥©§yzu
ab ≤ 12 (a2 + b2)
¯j¦lxlPx}!lq°×{ak<yhjl'0­alCxw®¥©Éu
y{h0y










Ü¾  6¢    /
(u, η) ∈ U ×M+[0, T ]

v ∈ U + 
L(u + v, η) = L(u, η) + DuL(u, η)v +
1
2





































2H(u,y)2(uσ, yuσ , puσ)(v, zuσ ,v)
2 − D2H(u,y)2(u, yu, pu)(v, zu,v)2
∆2(t) = z
∗
uσ ,vgyy(yuσ )zuσ ,v − z∗u,vgyy(yu)zu,v
∆3 = zuσ ,v(T )













|yuσ − yu||zuσ ,v|2 + (|zuσ,v| + |zu,v|)|zuσ ,v − zu,v|
)










1 ; ‖·‖1 ≤ T 2/3 ‖·‖3 ,
¦lohZÉ­al ‖·‖22 ‖·‖1 ≤ T ‖·‖33
²Isv§|Z$lqyhjlqkBlPaw}j{l
dη
wç'a}j|ZxlK+|y{hjl O∞ {l9}j|ª°×Nk;¦² K² yK²y{§klN¯±¦ÜlBajy{©| ∫ T









∆1(t) ≤ C(|yuσ − yu| + |puσ − pu| + σ|v|)(|zuσ ,v|2 + |v|2)
+ C(|zuσ ,v| + |zu,v | + |v|)|zuσ ,v − zu,v|
≤ C(‖v‖31 + ‖v‖
2
1 |v(t)| + ‖v‖1 |v(t)|2 + |v(t)|3).
Tol!|!la¯ ∫ T
0 ∆1(t)dt = O∞(‖v‖
3
3)










Ü¾  6¢     5
(u, η) ∈ U × M+[0, T ]
*5)S* ,%        5a    +B,X U → R 
v 7→ D2uuL(u, η)(v, v)
+U*O0   +
	 +*X_  +)! + *  +4)2,X 5




























Hyy(u, yu, p)(zu,v , zu,v)dt
+ zu,v(T )






0 Hyu(u, yu, p)(zu,v , v)dt
Q0(v) =
∫ T
0 Huu(u, yu, p)(v, v)dt
3l$y
vn ⇀ v̄ ∈ L2(0, T )
²·ghlµkjj©|j






































:u <RM?=¯oªy·©w+lKNw®©¥©u wl!lK| yhZ0y








































1 V,  , +

















J(un) − J(u) = L(un, η) − L(u, η) − 〈η, G(un) − G(u)〉 ≥ L(un, η) − L(u, η).
sx§|!l




r(un − u) = o(‖un − u‖22)
² qw
DuL(u, η) = 0
¯
¦lChÉ­alQ
o(‖un − u‖22) ≥ J(un) − J(u) ≥
1
2




un − u = εnvn
¦ªy{h ‖vn‖2 = 1
|















v̄ ∈ L2(0, T ) ²sv©|!l D2uuL(u, η)
©wo¦ÜlP@v¥§u¥R² w!² ²©¯
¦lCal!yZaw{w®©|jByByhl¥§©kªydQ






J(u + εnvn)−J(u) = εnDJ(u)vn + rn ≤ o(ε2n)
¯v¦hjlKl
rn = O(ε2n)<Çvuyhlowakl9{a}jkl!|My%wNwY©|yhjlj{v°W°±lKkBk[Z ² 4?=²ghM}Zw
DJ(u)vn +O(εn) ≤ o(εn)
¯N|Z
Zaw{w®©|jµy{yhjl¥©§k§yK¯,w©|$l2yhjlkajj©|j
v 7→ DJ(u)v =
∫ T
0
(`y(u, yu)zu,v + `u(u, yu)v)dt +
φy(yu(T ))zu,v(T )
©w¦lK4@M¥©u!a|My©|v}ja}wK¯v¦ÜlCNxy{a§|DQ
DJ(u)v̄ ≤ 0. <Ra?
sx§|!l


























Q := D2uuL(u, η)
?XQ












¯3hjlK|$l ‖vn‖2 → ‖v̄‖2
²+ghjll5>xZlP=ylP¶$N|Ny{{Nx=y©a|¨{©wlKw
w©|$l ‖vn‖2 = 1
°×a9a¥§¥
n








ghjlBxlK°ç{lKx}Z=y©a|Zw9kl$y{hjxjw <Çwl!lBla² ²MC gUG ?o©wK¯E¦hjl!|Tyhjl$N|wzy{{a§|Myhawo´|j§ylK¥§u¬k|vu
!a|My{N=yBZN§|My{wK¯Yy{º{l!j¥a!l§yBvu ´|j§ylK¥§u¶ka|Mu ©|jlKM}a¥§§yzu6$N|w®y%©|Ny%w!² ghjlKT9lPww©a|6° 30¸
N{a|ja| a°yhjl·$N{lKwZN|x©|j¬{lKx}!lK¶Nj¥§lKk haw2| Njx§y©a|a¥çy{l!{ky{h0yk0y%%hjlKw4yhjl
!}j{­Éy}j{lqyl!{k·²Y³«lNxy{a§|+yhv}wo2|¸»Nw®lP$N|v¸»a%xl!$N|x§y©a|±²
 	 8	%' % 	 !  5# ! 798 % 	 0)+#15798
P»yq©wb@M|0¦|·yhy9yhjlsva'a¥©l!­·wa!lKw
W 1,∞(0, T )
|Z
W 2,∞(0, T )
¯lK|x0¦lK·¦§yh·y{hjl4|jNkw
‖x‖1,∞ = ‖x‖∞ + ‖ẋ‖∞
a| ‖x‖2,∞ = ‖x‖1,∞ + ‖ẍ‖∞ ¯x$a©|!©xlo¦ªy{hyhjlw®Za$lPwIa°3§Zw%hj§y¼!a|My©|v}ja}Zw°×}j|$y©a|w·a| yhl«N|jlºa°°×}j|$y©a|whÉ­v©|j  3§Zw%hj§y¼¨$N|Ny{§|v}jN}wxl!{§­0y©­ala¯
{lKw'lK=y{§­Nl!¥©ua²YjN9¥©¥
t, t0 ∈ [0, T ]
¯
h ∈ W 1,∞(0, T ) a| x ∈ W 2,∞(0, T ) ¯x¦ÜlChÉ­Nl4Q
|h(t) − h(t0)| ≤ |t − t0|‖ḣ‖∞,
<R Ed?
|x(t) − x(t0) − ẋ(t0)(t − t0)| ≤ 12 |t − t0|2‖ẍ‖∞.
<RN4?
³¨l|j0¦ a©­alwaklalK|jl!%¥{lKw}j¥ªy%w'a}jy¼!l!{NwCa°Ü°×}|=y{§N|w°










435#6 *  E

Ü¾  6¢  /
h0 ∈ W 1,∞(0, T )

τ0 ∈ (0, T )
*S* ,%Y  B,#!#6I!\!) *
h0(τ0) = 0  ḣ0
S* 0! + *c
τ0  ḣ0(τ0) 6= 0
  5,[*5 "
δ, ε > 0     "
	4	! 




S* -#!#$4 (; I 	0*5  !  +)! + *K
B1,∞(h0, δ)    R   5 B5+)435#6 h0 I!YX)[]3%
DΞ(h0)d = −d(τ0)/ḣ0(τ0),
,#!#
d ∈ W 1,∞. <RZ?
_ 	S*55# %  -  U2, #!# h, hi ∈ B1,∞(h0, δ)  i = 1, 2  τi = τhi 
τ2 − τ1 = O1,∞(‖h2 − h1‖∞),
<RN4?
ḣ0(τ0)(τh − τ0) + h(τ0) = o1,∞ (‖h − h0‖∞) .
<Ra?
1 V, 0qww}jkl4¦² ¥¹² Z² yhy













(τ0 − ε, τ0 + ε)
| ªy
°×N¥§¥©0¦9w4yhy
h0(τ0 − ε) < − 34βε
a|




δ := min{ 14βε; 14β}
|Z ¥©l$y
h ∈ B1,∞(h0, δ)
²çghv}w!¯









(τ0 − ε, τ0 + ε)
² 3l$y

















|τ2 − τ1| ≤ |h1(τ2)| = |h1(τ2) − h2(τ2)| ≤ ‖h2 − h1‖∞.
<RM?












h0(τh) − ḣ0(τ0)(τh − τ0) = o(|τh − τ0|)
(h − h0)(τh) − (h − h0)(τ0) = h0(τh) − h(τ0) = O(‖ḣ − ḣ0‖∞|τh − τ0|).
sx§|!l




Ü¾  6¢   /
x0 ∈ W 2,∞(0, T )

τ0 ∈ (0, T )
3W* +   




   *
x0
+U*M #FV#  "	! O 
τ0  i, ε > 0  δ > 0 *X #!#54   x ∈ B2,∞(x0, δ) ) ! * !* "	! O  (τ0 − ε, τ0 + ε)  O0   + 	+!0 τx +K 	4	!
Θ : B2,∞(x0, δ) → (τ0 − ε, τ0 + ε) ; x 7→ τx
S*I 	0*5  ! Y0! + * 5
B2,∞(x0, δ)   R   5  b503#FM x0  I!_45XU[535%
DΘ(x0)w = −ẇ(τ0)/ẍ0(τ0) ∀ w ∈ W 2,∞.
<Ra?
 OX 5X      "
	4	!





 WU**5V5 X* I!
x
+ U# +" , !*c "	! O 
(τ0 − ε, τ0 + ε)  S* C1 U5 B2,∞(x0, δ); I
 D   5 b55+)435#6a
x0
I! -*X"a*5
 X)U*K4 35%  ,\#!#
x ∈ B2,∞(x0, δ)

d ∈ W 2,∞ 
DΦ(x)d = d(τx) ; D






_ 	S*55# %  , #!# x, xi ∈ B2,∞(x0, δ)  i = 1, 2  τi = τxi  -  U 
x2(τ2) = x2(τ1) + O2,∞(‖x2 − x1‖21,∞),
<» Ed?










{l!j¥a!lK vu −ẋ0 ²]P»y2°×N¥§¥©0¦9wy{h0y°×N4¥©¥


































τ2 − τ1 = O2,∞(‖x2 − x1‖1,∞)
MuY<RN?$¯x¦Ül
Nl$ydQ
x2(τ2) = x2(τ1) + (ẋ2(τ1) − ẋ1(τ1))(τ2 − τ1) + O(|τ2 − τ1|2)
= x2(τ1) + O2,∞(‖x2 − x1‖21,∞)












x0(τx) = x0(τ0) + ẍ0(τ0)
(τx−τ0)
2
2 + o(|τx − τ0|2),
(x − x0)(τx) = (x − x0)(τ0) + ẋ(τ0)(τx − τ0) + O(‖ẍ − ẍ0‖∞|τx − τ0|2)
sx}jkkB©|jy{hjl'0­all>xa|w®©a|Zw!¯x|Z+w§|Z$lvu_<ÇN4?=¯
τx − τ0 = −
ẋ(τ0)
ẍ0(τ0)




























u (u, y) ≡ 0
?$²
moy{lqy{h0yy{hjw§kj¥©©lKwy{h0y
G(u) = g(yu) ∈ W 2,∞
¯v°×a9a¥§¥
u ∈ U ²
 ¾     ÇÂ  <  i*
* O " +
g
(1)
u ≡ 0    *X  \ *X
!+ S*.,45]   5
u ∈ G−1(K) MY*%\+"h +  	+!0 τ  ,'  );:55 X% (u, yu) S*ºlPx}!§j¥©l   ,' ,#!#6I! .!) *ib*5) =B<×!?b+/, O)
t 7→ g(2)(u(t), yu(t))
S* +)! + *b
τ 
<Ç§!?
0  0# !%!)    S*i*5)S*= τ 



















(τ − 2ε, τ + 2ε) ⊂ (0, T )a|




Ia = ∪τ∈Tred(τ − ε, τ + ε)a|






τ1u , . . . , τ
N
u
yhll!¥©l!kl!|My{wCa° Tred ²":uºxl$´Z|jªy{§N|«a°{lKj}$©j¥©l2y{a}%h¨'a©|Ny%w|¨$N|My©|M}ªyzuTa°y{hjlBkajj©|j U 7→ W 2,∞ ¯ u 7→ g(yu) ¯E¦lBkÉu¬ajj¥©u ±l!kk·x²Ìv²ghjl!{lBl>x©w®y{w δ > 0 ¯Ew®}%hy{h0y°×N9¥©¥
i = 1, . . . , N
¯xyhlkajj©|jNw









ũ ∈ B∞(u, δ)
¯


















∈ K := C−[Ib] × RN− .
<»UZ?





²ghjl ,N{a|ja| L °yhjl{lKx}Z$lK¨j{a¥§lKk <¹Z?wa©­alK|±¯±°×N ũ ∈ B∞(u, δ) a| λ =
(ηb, ν) ∈ M+[Ib] × RN+
¯xvuQ















Ü¾  6¢     ** O "  
g
(1)
u ≡ 0   #F u ∈ G−1(K)  Tred  Ia  Ib  R  G  L 3 -_*43  /5
λ = (ηb, ν) ∈ M+[Ib] × RN+
  
δ > 0
* "#!# 4   +b, O)
ũ 7→ L(ũ, λ) S* C1  B∞(u, δ)




η ∈ M+[0, T ]35%
dη(t) = dηb(t)









+ - +  L(u, λ) = L(u, η)  DuL(u, λ) = DuL(u, η) 
DG(u)−1TK(DG(u)) = DG(u)−1TK(G(u)),
λ ∈ NK(G(u)) iff η ∈ NK(G(u)),
<»a?


















1 V, omoy{lyhy Ri = Φi ◦ G ¯ i = 1, . . . , N ¯¦hjlKlCy{hjlkj§|jMw Φi {lxl$´Z|jlK·vu]<Ç4g?©|3l!kkBj² 4j¥§©lKy
(x0, τ0) = (g(yu), τ
i
u)











v ∈ U Q
DRi(u)v = DΦi(G(u))DG(u)v = gy(yu(τ iu))zu,v(τ iu),
<»g?




























u ∈ U | Λ(u) 6= ∅ ¯xyhl	3aa%|jNlok4}¥ªy{§j¥©©l!%w λ a| η aw{w®x!©ylK¦ªy{h
u
§|jNj¥©l!kwb<»UZ?ç|'<Z?IlPw®'lK$y©­al!¥©ua¯v{l9{l!¥0y{lKvu'<¹0?=²I:uK<»a?$¯vªyÜ°×a¥©¥§0¦9wÜ¥w®Cy{h0yyhjl
!§y!a¥!a|jl C(u) °×NNj¥§lKk <¹Z?q©wlPN}Z¥y C(u) ²4³¨lw®hZ¥©¥whj0¦7y{h0yCyhlw®y{ylKkBlK|Mya°gh3²HZ ²6EolKka§|ZwYy{}jlqMu{l!j¥a!§|
L(u, η)
Mu L(u, λ) ²Igh0y©wK¯Myhjlqka§|lPw®}j¥§yÜa°EyhjwÜ'l!P¯¦§yh¬gh±²I²6E"<R|gh±²IZ²FE°×a´%w®y®¸»a%xl!wzy%0y{l$a|Zwzy{{a§|My?$¯x©wy{hjl|jl5>Myy{hjl!NlKk·²
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(1)
u ≡ 0  +[*X   
 *X)!0-S*c , (*XN   /5 u ∈ U*5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)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 Tred 3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u   ντ := [η(τ)]   ,c  ,#!#6I! K*5
* ^50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) S*[*5)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) 4I_
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5+)#+ + i	 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);:55 X%
(u, yu)

#!#+535#6   c*45[* ^55+2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)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S* *5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 I!
Tred = T essto
69^    +i4IY!)   S*[*5)S*2 
+¾ 6¢x¡   m9y{lyhyª° Tred = ∅ ¯=<Ra?$N§|!©jlKw¦§yh < Zg?$²P»° Tred $N|My{©|wClPwwl!|My¥y{a}%h'a©|Ny%w!¯vy{hjl!|·vu_<RN4?çy{hjl$N|Ny{©j}xy{§N|+©|\<ÇN4?°ZN§|My{w©| Tred ww®}%h+yhZ0yyhlw®}jk/©w|a|j'Nwªy{§­Nla¯ja|µy{hjl!{l$°×Nly{hjlw®} !!§lK|My!a|jªy{§N|]<Ra4?w©|Nl!|jlK{a¥W¦ÜlP@alKyha|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δ > 0
*X "#!#H54 _#!#
v ∈ B∞(0, δ) 
L(u + v, λ) = L(u, λ) + DuL(u, λ)v +
1
2





1 V, WP»y9wlKNw®©¥©uw®lKl!|+°×Nk <¹a4?a| <»04?Üy{h0y






u+v)) − g(yu+v(τ iu))).
³¨l4kÉu+¦§yl



































² :u xl$´|ªy{§N| °{lKx}Z$©j¥§lTya}Z%h
'a©|My{wK¯
(x0, τ0)
wywz°×u6yhjl¬aw{w}jkxy©a|wa° 3l!kk j² j² svl$y








ẍ = g(2)(u + v, yu+v)
|hjlK|$lN¯xMu<Ra4?XQ
‖x − x0‖1,∞ = O∞(‖v‖1) ; ‖ẍ − ẍ0‖∞ = O∞(‖v‖∞).
<Ra?
sx§|!l
g(1)(yu+v) − g(1)(yu) − g(1)y (yu)zu,v =
∫ 1







‖ẋ − ẋ0 − h‖∞ = O∞(‖v‖22).
<RZ?
³¨lkÉuµ|j0¦ ¦{§yl
r̂i(v) = r̂i,1(v) + r̂i,2(v)
¦ªy{hDQ
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w}jk °Ü±lKal!|Zxl4°×a{k|T°Ü¦ÜlP@v¥§u¬!a|My©|v}ja}wM}0¸j{y9°×Nk{l!k©|w 3l!Nl!|x{lq°×a{k¯v¦ljlKx}!lClKaw©¥§u°×{ak <»?|Z±lKkkZ² x¯jw§|Z$lyhjl
Njx§y©a|a¥WylKkw































































ε(u, η)(v, v) = D2uuL(u, η)(v, v) − ε‖v‖22
Q










≥ ε‖v‖22, ∀v ∈ CL2(u).
<Ra?
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°'qy{{zlK=y{a{u§|j¥§!y©a|2yC{lK¥x¥©§°×ljNj¥©l!kw!²
sxaklU5X =3#6+wlK$N|v¸»a%xl!Cw}"!µ$©l!|My4$N|x§y©a|wCl5>vw®yC©|¨yhjl¥©§yl!%0y{}j{l2y{h0y4alBNw®lPº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ç¾  6¢   /
p ∈ BV ([0, T ]; Rn) 3c* + K  
|dp(t)| ≤ κ|p(t)|dt + dµ(t), ∀t ∈ [0, T ], <RM?
,i*5 " 	+U*X!)U"+*X +
κ   .0 )UM3O" "
* O µ  5





ρ(t) = |p(t)| ²µghl!| ρ ©w+|jN|j|jl!M0y{§­Nl2'a}j|ZxlK¨klKNw®}j{la¯±a|º°×a¥©¥ t ∈ [0, T )a|
s → 0+ ¯j¦ÜlChÉ­Nl4Q
∫ t+s
t
dρ(σ) = ρ(t + s) − ρ(t) = |p(t + s)| − |p(t)|








ρ(t) ≤ ϕ(t) °×a9¥©¥ t ∈ [0, T ] ¯v¦hjlKl ϕ w9wa¥©}xy©a|°








t ∈ [0, T ].
ghl!|
d(e−κtϕ(t)) = e−κtdϕ(t) − κe−κtϕ(t)dt = e−κtdµ(t).
ghl!{l$°×a{la¯
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n ∈ N ¯R<×yhjl¥©y®y{l!ZlK§|j2|jy|jlP$lKw{w{{§¥©u4©|©|${lKNw®©|jN{jl!X?¦ªy{hz}jkwxw!a|My©|v}j§y©lKw
νn = [p(τn)]
¯±w}%h¬y{h0y ∑






















dpN (t)z(t) = −
∫ T
0
pN (t)ż(t)dt + pN (T )z(T )− pN(0)z(0).
<R4g?
sx§|!lC¦ÜlhÉ­Nl





vu 3l!kk4²6EB¦ÜlxlPx}$lBy{h0y ‖p − pN‖∞ ≤
∑∞
n=N+1 |νn| → 0
¦hjl!|
N → +∞ ²MT9l!|Z$l¦l!a|+Nwwy{Byhjl¥©§k§yo©|<R4g?$¯j¦hj%h+N§­NlKwy{hjlClPw®}j¥§yK²
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.0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